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1. Introduction 

Roughly speaking, the stable homotopy category is obtained from the homotopy category 
of topological spaces by inverting the suspension functor, yielding a 'linear' approximation to 
the homotopy category of spaces. The isomorphism classes of objects in the stable homotopy 
category represent the generalized cohomology theories, defined by the Eilenberg-Steenrod ax- 



ioms [EE] without the dimension axiom (which distinguishes 'ordinary' from 'generalized' coho- 



mology theories). 



The first construction of the full stable homotopy category was given by Boardman [Bo 



More recently many models for the stable homotopy category have been found, most of which 



have the additional structure of a closed model category in the sense of Quillen O. In [Mar 



H. R. Margolis introduced a short list of axioms and conjectured that they characterize the 



stable homotopy category up to an equivalence of categories. In Theorem 3.2 we prove that 
these axioms indeed uniquely specify the stable homotopy category whenever there is some 
underlying Quillen model category. 

We also prove a more structured version, the Uniqueness Theorem below, which states that 
the model category of spectra itself is uniquely determined by certain equivalent conditions, 
up to so called Quillen equivalence of model categories (a particular adjoint pair of functors 



which induces equivalences of homotopy categories, see Definition 2.4). This implies that the 
higher order structure including cofibration and fibration sequences, homotopy (co-)limits, Toda 
brackets, and mapping spaces is uniquely determined by thes e condit i ons. This is of interest 



due to the recent plethora of new model categories of spectra flEKMM| , |HSSj jMMSj , Q. The 



Uniqueness Theorem provides criteria on the homotopy category level for deciding whether a 
model category captures the stable homotopy theory of spectra; the search for such intrinsic 
characterizations was another main motivation for this project. 

A model category is stable if the suspension functor is invertible up to homotopy. For stable 
model categories the homotopy category is naturally trian gula ted and comes with an action by 



the graded ring ttI of stable homotopy groups of spheres, see |2.3|. The Uniqueness Theorem shows 
that this 7rJ-triangulation determines the stable homotopy theory up to Quillen equivalence. 

Uniqueness Theorem. Let C be a stable model category. Then the following four conditions 
are equivalent: 

(1) There is a chain of Quillen equivalences between C and the model category of spectra. 

(2) There exists a ^-linear equivalence between the homotopy category of C and the homotopy 
category of spectra. 

(3) The homotopy category of C has a small weak generator X for which [X, X]f°^ is freely 
generated as a n^-module by the identity map of X . 

(4) The model category C has a cofibrant-fibrant small weak generator X for which the unit 
map § ► Hom(X, X) is a -n ^-isomorphism of spectra. 
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The Uniqueness Theorem is proved in a slightly more general form as Theorem 5.3. The extra 
generality consists of a local version at subrings of the ring of rational numbers. Our reference 
model for the category of spectra is that of Bousheld and Friedlander [ |BF| , Def. 2.1]; this is 
probably the simplest model category of spectra and we review it in Section |J There we also 
discuss the R-local model structure for spectra for a subring R of the ring of rational numbers, 
see Lemma 4.1. The notions of 'smallness' and 'weak generator' are recalled in |3.1|. The unit 



map is defined in 5.2 



Our work here grows out of recent developments in axiomatic stable homotopy theory. Mar- 



golis' axiomatic approach was generalized in [HPS] to study categories which share the main 



formal properties of the stable homotopy category, namely triangulated symmetric monoidal 
categories with a weak generator or a set of weak generators. Hovey [Ho. Ch. 7] then studied 
properties of model categories whose homotopy categories satisfied these axioms. Heller has 



given an axiomatization of the concept of a "homotopy theory" | Hel [ , and then characterized 

-10]. The reader 



Hc2 ( Sec. 



the passage to spectra by a universal property in his context, see 
may want to com pare this with the universal property of the model category of spectra which we 
prove in Theorem 5J below. 

In fjSf we classify s tabl e model categories with a small weak generator as modules over a ring 
spectrum, see Remark 5.4. The equivalence of parts (1) and (4) of our Uniqueness Theorem here 
can be seen as a special case of this classification. In general, though, there are no analogues 
of parts (2) and (3) of the Uniqueness Theorem. Note, that here, as in |SS|j , we ignore the 
smash product in the stable homotopy category; several comparisons and classification results 
respecting smash products can be found in gch§ [MMSSfl . 



2. Stable model categories 



Recall from |Q|, 1.2] or [Ho, 6.1.1] that the homotopy category of a pointed model category 
supports a suspension functor X with a right adjoint loop functor Q. 

Definition 2.1. A stable model category is a pointed, complete and cocomplete category with a 
model category structure for which the functors Q and £ on the homotopy category are inverse 
equivalences. 

The homotopy category of a stable model category has a large amount of extra structure, some 
of which will play a role in this paper. First of all, it i s na turally a triangulated category (cf. 
[VeQ. A complete reference for this fact can be found in [Ho, 7.1.6]; we sketch the constructions: 
by definition the suspension functor is a self-equivalence of the homotopy category and it defines 
the shift functor. Since every object is a two-fold suspension, hence an abclian co-group object, 
the homotopy category of a stable model category is additive. Furthermore, by |Ho, 7.1.11] the 
cofiber sequences and fiber sequences of 1.3] coincide up to sign in the stable case, and they 
define the distinguished triangles. Since we required a stable model category to have all limits 
and colimits, its homotopy category will have infinite sums and products. 

Apart from being triangulated, the homotopy category of a stable model category has a natural 
action of the ring 7rJ of stable homotopy groups of spheres. Since this action is central to this 
paper, we formalize and discuss it in some detail. For definiteness we set 7r* = colim^ [S n+k , S k ], 
where the colimit is formed along right suspension — A I51 : [S n+k ,S k ] — ► [S n+k+1 , S k+1 ]. The 
ring structure is given by composition of representatives. 

Definition 2.2. A ix%-triangulated category is a triangulated category T with bilinear pairings 

< <8> T(X,Y) >T(X[n],Y), a®fy—>a-f 

for all X and Y in T and all n > 0, where X[n] is the n-fold shift of X. Furthermore the 
pairing must be associative, unital and composition in T must be bilinear in the sense that 
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(a- g) o f[n] = a ■ (g o /) = g o (a • /). A ix^-exact junctor between 7^ -triangulated categories is 
a functor L : T — > T together with a natural isomorphism t : L(X)[1] = L(-X"[l]) such that 

(L, t) forms an exact functor of triangulated categories, i.e., for every distinguished triangle 
X — > Y — > Z — > X[l] in T the sequence L(X) — ► L{Y) — > L(Z) — ► L(X)[1] is a 

distinguished triangle in T, where the third map is the composite L(Z) — ► L(X[1]) - — ► 
L(X)[1}; 

(L,t) is 7rJ -linear, i.e., for all X and Y in T and n > the following diagram commutes 



< ® T(X, Y) : ► T(X [n] , K) 

Id® 

7r-®T(L(X),L(y)) — -> r(L(X)[»],L(y)) T(L(X[n]),L(y)) 

where t : L(X)[n] — ► L(X[n]) is the n-fold iterate of instances of the isomorphism r. 

A n^-linear equivalence between ^-triangulated categories is a 7r^-exact functor which is an 
equivalence of categories and whose inverse is also 7rf -exact . 

Every triangulated category can be made into a 7r* -triangulated category in a trivial way by 
setting a ■ f = whenever the dimension of a is positive. Now we explain how the homotopy 
category of a stable model category is naturally a tt J -triangulated category. 



Construction 2.3. Using the technique of framings, Hovey |Ho, 5.7.3] constructs a pairing 

A L : Ho(C) x Ho(5*) > Ho(C) 

which makes the homotopy category of a pointed model category C into a module (in the sense 



of [He, 4.1.6]) over the symmetric monoidal homotopy category of pointed simplicial sets under 
smash product. In particular, the pairing is associative and unital up to coherent natural iso- 
morphism, and smashing with the simplicial circle S 1 is naturally isomorphic to suspension as 
defined by Quillen ((|, 1.2]. If C is stable, we may take X[l] := X A L S 1 as the shift functor of 
the triangulated structure. We define the action 

< (g) LY,y] Ho ^ > [A>],y] Ho ^ 

as follows. Suppose a : S n+k — ► S k is a morphism in the homotopy category of pointed 
simplicial sets which represents an element of 71^ = colim^ [S n+k ,S k ] and / : X — ► Y is a 
morphism in the homotopy category of C. Since C is stable, smashing with S k is a bijection of 
morphism groups in the homotopy category. So we can define a ■ f to be the unique morphism in 
[X A L S n , r] H °( c ) such that {a ■ /) A L l S k = f f\ L a in the group [X A L S n+k , Y A L S fc ] Ho(c . Here 
and in the following we identify the n-fold shift X[n] = (• • • ((X A L S 1 ) A L S 1 ) ■ ■ ■ ) A L S 1 with 



X A S n under the associati vity isomorphism which is constructed in the proof of Ho , 5.5.3] 



(or rather its pointed analog |Ho, 5.7.3]); this way we regard a ■ f as an element of the group 
[X[n], F] H °( C ). Observe that < acts from the left even though simplicial sets act from the right 
on the homotopy category of C. 

By construction a ■ f — (a A I51) • /, so the morphism a ■ f only depends on the class of a in 
the stable homotopy group 7r*. The -^-action is unital; associativity can be seen as follows: if 
P £ \S m+n+k , S n+k ] represents another stable homotopy element, then we have 

(P-f)A L a = (l Y A L a)o((f3-f)A L l sn+k ) = (l y A L a) o (/ A L p) 
= fA L {aop) = ((aop)- f)A L l sk 
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in the group [X A L S m+n+k , Y A L S*] Ho ( c ). According to the definition of a ■ (J3 ■ /) this means 
that a ■(/?■/) = {ct 0) • /• Bilinearity of the action is proved in a similar way. 

Definition 2.4. A pair of adjoint functors between model categories is a Quillen adjoint pair 
if the right adjoint preserves fibrations and trivial fibrations. An equivalent condition is that 
the left adjoint preserves cofibrations and trivial cofibrations. A Quillen adjoint pair induces 
an adjoint pair of functors between the homotopy categories Q 1.4 Thm. 3], the total derived 
functors. A Quillen functor pair is a Quillen equivalence if the total derived functors are adjoint 
equivalences of the homotopy categories. 

The definition of Quillen equivalences just given is not the most common one; however it 



is equivalent to the usual definition by [Ho, 1.3.13]. Suppose F : C — ► D is the left adjoint 
of a Quillen adjoint pair between pointed model categories. Then the total left derived functor 
LF : Ho(C) — ► Ho(D) of F comes with a natural isomorphism r : LF(X)A L S 1 — > LF(X A L S 1 ) 
with respect to which it preserves cofibration sequences, see H, 1.4 Prop. 2] or |Hc| , 6.4.1]. If 
C and T> are stable, this makes LF into an exact functor with respect to r. It should not be 



surprising that {LF, r) is also 7r*-linear in the sense of Definition 2.2, but showing this requires 



a careful review of the definitions which we carry out in Lemma 6.1 



Remark 2.5. In Theorem 5.3 below we show that the 7r*-triangulated homotopy category de- 
termines the Quillen equivalence type of the model category of spectra. This is not true for 
general stable model categories. As an example we consider the n-th Morava iC-theory spec- 
trum K[n) for n > and some fixed prime p. This spectrum admits the structure of an Aoo-ring 



spectrum [Ro], and so its module spectra form a stable model category. The coefficient ring 
K(n)i, — ¥ p [v n , v^ 1 ], with v n of degree 2p n — 2, is a graded field, and so the homotopy cate- 
gory of Zf(n)-modules is equivalent, via the homotopy group functor, to the category of graded 
K (n)*-modules. Similarly the derived category of differential graded -ftf(n)*-modules is equiva- 
lent, via the homology functor, to the category of graded if (n)*-modules. This derived category 
comes from a stable model category structure on differential graded K(n) ^-modules with weak 
equivalences the quasi-isomorphisms. The positive dimensional elements of 7rJ act trivially on 
the homotopy categories in both cases. So the homotopy categories of the model categories 
of i"T(n)-modules and differential graded K (n) ^-modules are 7rJ-linearly equivalent. However, 
the two model categories are not Quillen equivalent; if they were Quillen equivalent, then the 



homotopy types of the function spaces would agree DK, Prop. 5.4]. But all function spaces of 



DG-modules are products of Eilenberg-MacLane spaces, and this is not true for if(n)-modules. 



3. Margolis' uniqueness conjecture 



H. R. Margolis i n 'Sp ectra and the Steenrod algebra' introduced a set of axioms for a stable 
homotopy category [ Mai , Ch. 2 §1] . The stable homotopy category of spectra satisfies the axioms, 
and Margolis conjectures [Mar, Ch. 2, §1] that this is the only model, i.e., that any category 
which satisfies the axioms is equivalent to the stable homotopy category. As part of the structure 
Margolis requires the subcategory of small objects of a stable homotopy category to be equivalent 
to the Spanier- Whitehead category of finite CW-complexes. So his uniqueness question really 
concerns possible 'completions' of the category of finite spectra to a triangulated category with 
infinite coproducts. Margolis shows [Mar, Ch. 5 Thm. 19] that modulo phantom maps each 
model of his axioms is equivalent to the standard model. Moreover, in [CE], Christensen and 
Strickland show that in any model the ideal of phantoms is equivalent to the phantoms in the 
standard model. 
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For objects A and X of a triangulated category T we denote by T(A, X)* the graded abelian 
homomorphism group defined by T(A, X) m = T(A[m], X) for m £ Z, where A[m] is the m- 
fold shift of A. If T is a 7rJ -triangulated category, then the groups T(A, X)* form a graded 
7rJ-modulc. 

Definition 3.1. An object G of a triangulated category T is called a weak generator \f it detects 
isomorphisms, i.e., a map / : X — ► Y is an isomorphism if and only if it induces an isomorphism 
between the graded abelian homomorphism groups T(G,X)* and T(G,Y)*. An object G of T 
is small if for any family of objects {Ai}i € j whose coproduct exists the canonical map 

($T(G,A t ) >T(G,]]_A Z ) 

iel i£l 

is an isomorphism. 



A stable homotopy category in the sense of [Mar, Ch. 2 §1] is a triangulated category 5? 



endowed with a symmetric monoidal, bi-exact smash product A such that: 

• 5? has infinite coproducts, 

• the unit of the smash product is a small weak generator, and 

• there exists an exact and strong symmetric monoidal equivalence R : S_W{ — > ^smaii 



between the Spanier- Whitehead category of finite CW-complexes (| SW |, Mai , Ch. 1, §2]) 
and the full subcategory of small objects in 

The condition that R is strong monoidal means that there are coherently unital, associative, 
and commutative isomorphisms between R(A A B) and R(A) A R(B) and between R(S°) and 
the unit of the smash product in S". Hence a stable homotopy category S" becomes a 7rJ- 
triangulated category as follows. The elements of tt^ are precisely the maps from S n to 5° in the 
Spanier- Whitehead category. So given ct£-K s n — SW(S n , S°) and / : X — ► Y in 5? we can form 
/ A R(a) : X A R(S n ) — ► Y A R(S°). Via the isomorphisms X A R(S n ) =■ X[n]A R(S°) ^ X[n] 
and Y A R(S°) = Y we obtain an element in S^(X[n],Y) which we define to be a ■ f. This 
7r*-action is unital, associative and bilinear because of the coherence conditions on the functor 
R. 

As a consequence of our main theorem we can prove a special case of Margolis' conjecture, 
namely we can show that a category satisfying his axioms is equivalent to the homotopy category 
of spectra if it has some underlying model category structure. Note that we do not ask for any 
kind of internal smash product on the model category which occurs in the following theorem. 



Theorem 3.2. Suppose that 5^ is a stable homotopy category in the sense of [Mai, Ch. 2 §1] 
which supports a ~K%-linear equivalence with the homotopy category of some stable model category. 
Then is equivalent to the stable homotopy category of spectra. 

Proof. Let C be a stable model category which admits a 7rJ-linear equivalence $ : 5? — ► Ho(C). 
The image X £ Ho(C) under $ of the unit object of the smash product is a small weak generator 
for the homotopy category of C. Because the equivalence $ is -^-linear, X satisfies condition (3) 
of our main theorem, and so C is Quillen equivalent to the model category of spectra. Thus the 
homotopy category of C and the category 5? are 7rJ-linearly equivalent to the ordinary stable 
homotopy category of spectra. □ 

4. THE i?-LOCAL MODEL STRUCTURE FOR SPECTRA 

In this section we review the stable model category structure for spectra defined by Bousfield 



and Friedlander [BF, §2] and establish the i?-local model structure (Lemma 4.1). 

A spectrum consists of a sequence {X n } n >o of pointed simplicial sets together with maps 
a n ■ S 1 A X n — ► X n+ i. A morphism / : X — > Y of spectra consists of maps of pointed 
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simplicial sets /„ : X n — > Y n for all n > such that f n +i o a n = a n o (l s i A /„). We denote 
the category of spectra by <Sp. A spectrum X is an Q-spectrum if for all n the simplicial set X n 
is a Kan complex and the adjoint X n — ► Q,X n +i of the structure map a n is a weak homotopy 
equivalence. The sphere spectrum § is defined by §„ = S n = (S' 1 ) An , with structure maps the 
identity maps. The homotopy groups of a spectrum are defined by 

ir*X — colirm 7Ti + * \Xi\ 

A morphism of spectra is a stable equivalence if it induces an isomorphism of homotopy groups. 
A map X — ► Y of spectra is a cofibration if the map Xq — ► Yq and the maps 

X n UsiAX,^! S 1 A Y n -x ► Y n 

for n > 1 are cofibrations (i.e., injections) of simplicial sets. A map of spectra is a stable fibration 
if it has the right lifting property (see I p. 5.1], [DS, 3.12] or [Ho, 1.1.2]) for the maps which 
are both cofibrations and stable equivalences. 



Bousfield and Friedlander show in [BF, Thm. 2.3] that the stable equivalences, cofibrations 
and stable fibrations form a model category structure for spectra. A variation of their model 
category structure is the R-local model structure for R a subring of the ring of rational numbers. 
The i?-local model category structure is well known, but we were unable to find a reference in 
the literature. A map of spectra is an R- equivalence if it induces an isomorphism of homotopy 
groups after tensoring with R and is an R-fibration if it has the right lifting property with respect 
to all maps that are cofibrations and i?-equi valences. 

Lemma 4.1. Let R be a subring of the ring of rational numbers. Then the cofibrations, R- 
fibrations and R- equivalences make the category of spectra into a model category, referred to as 
the ii-local model category structure. A spectrum is fibrant in the R-local model structure if and 
only if it is an fl-spectrum with R-local homotopy groups. 

We use 'RLP' to abbreviate 'right lifting property'. For one of the factorization axioms we need 
the small object argument (see 0, II 3.4 Remark] or [DS, 7.12]) relative to a set J = J lv U J st U Jr 



of maps of spectra which we now define. We denote by A[i], dA[i] and A k [i] respectively the 
simplicial i-simplex, its boundary and its fc-th horn (the union of all (i — l)-dimensional faces 
except the fc-th one). A subscript '+' denotes a disjoint basepoint. We denote by F n K the 
spectrum freely generated by a simplicial set K in dimension n, i.e., (F n K)j = S J ~ n AK (where 
5*' Tl = * for m <C 0). Hence F n K is a shift desuspension of the suspension spectrum of K. 
First, J lv is the set of maps of the form 

F n A k [i]+ > F n A[i] + 

for i, n > and < k < i. Then J st is the set of maps 

Zl A 0A[i]+ U Fn+3 . S3 - AaA[i]+ F n+j S j A A\i]+ > Zi A A[{\+ 

for i, j, n > 0. Here, 

Zl = (F n+j Si A A[l] + )U Fn+ . sixl FnS 

is the reduced mapping cylinder of the map A: F n+ jSi — ► F n S which is the identity in 
spectrum levels above n + j. Note that A is a stable equivalence, but it is not a cofibration. 
Since both source and target of A are cofibrant, the inclusion of the source into the mapping 



cylinder Z J n is a cofibration. It is shown in [3chl, Lemma A. 3] that the stable fibrations of 
spectra are precisely the maps with the RLP with respect to the set J lv U J st . 

For every natural number k we choose a finite pointed simplicial set which has the weak 
homotopy type of the mod-/c Moore space of dimension two. We let Jr be the set of maps 

F n TTM k > F n Z m C(M k ) 
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for all m,n > and all natural numbers k which are invertible in i?, where C(Mk) denotes the 
cone of the Moore space. 

Now we prove a sequence of claims: 

(a) A map X — > * has the RLP for the set J — J lv U J st U Jr if and only if X is an fi-spectrum 
with i?-local homotopy groups. 

(b) A map which is an ^-equivalence and has the RLP for J is also an acyclic fibration in the 
stable model structure. 

(c) Every map can be factored as a composite p o i where p has the RLP for J and i is a 
cofibration and an inequivalence and is built from maps in J by coproducts, pushouts and 
composition. 

(d) A map is an i?-fibration if and only if it has the RLP for J. 

(a) The RLP for (J lv U J st ) means that X is stably fibrant, i.e., an fi-spectrum. For O-spectra 
the lifting property with respect to the map F n T, m Mk — > F n Y, m C(Mk) means precisely that 
every element in the mod-fc homotopy group 

[F n E m M k ,X] Ko ^ <* 7r O m map(Af fc ,X„) = ^ m+2 _„(A; Z/fc) 

is trivial. Since this holds for all m, n > and all k which are invertible in i?, the map X — ► * 
has the RLP for J if and only if X is an Sl-spectrum with i?-local homotopy groups. 

(b) Suppose / : X — ► Y is an ^-equivalence and has the RLP for J. Then / is in particular a 
stable fibration and we denote its fiber by F. There exists a long exact sequence connecting the 
homotopy groups of F, X and Y . Since / is an i?-equivalence, the localized homotopy groups 
R <£) ir*F of the fiber are trivial. As the base change of the map /, the map F — ► * also has 
the RLP for J. By (a), F is an fi-spectrum whose homotopy groups are R- local. Hence the 
homotopy groups of the fiber F are trivial, so the original map / is also a stable equivalence. 

(c) Every object occurring as the source of a map in J is a suspension spectrum of a finite 



simplicial set, hence sequentially small in the sense of [O, II 3.4 Remark] or [DS, Def. 7.14]. Thus 



Quillcn's small object argument (see |Q|, II 3.4 Remark] or [DS, 7.12]) provides a factorization 
of a given map as a composite p o i where i is built from maps in J by coproducts, pushouts 
and composition, and where p has the RLP for J. Since every map in J is a cofibration, so is 
i. Cofibrations of spectra give rise to long exact sequences of homotopy groups, and homotopy 
groups of spectra commute with filtered colimits of cofibrations. So to see that i is an R- 
equi valence it suffices to check that the maps in J are i?-equi valences. The maps in J lv are 
levelwise equivalences, the maps in J st are stable equivalences, hence both are ^-equivalences. 
Since the stable homotopy groups of the Moore space M/~ are fc-power torsion, the maps in Jr 
are also ^-equivalences. 

(d) We need to show that a map has the RLP for J if and only if it has the RLP for the 
(strictly bigger) class of maps j which are cofibrations and ^-equivalences. This follows if any 
such j is a retract of a map built from maps in J by coproducts, pushouts and composition. We 
factor j = p o i as in (c). Since j and i are i?-equi valences, so is p. Since p also has the RLP 
for J, it is a stable acyclic fibration by (b). So p has the RLP for the cofibration j, hence j is 
indeed a retract of i. 



Proof of Lemma (.1. We verify the model category axioms as given in [DS, Def. 3.3]. The 
category of spectra has all limits and colimits (MCI), the ^-equivalences satisfy the 2-out- 
of-3 property (MC2) and the classes of cofibrations, i?-fibrations and i?-equivalences are each 
closed under retracts (MC3). By definition the i?-fibrations have the RLP for maps which are 
both cofibrations and i?-equi valences. Furthermore a map which is an i?-equivalence and an 
i?-fibration is an acyclic fibration in the stable model structure by claim (b) above, so it has 
the RLP for cofibrations. This proves the lifting properties (MC4). The stable model structure 
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provides factorizations of maps as cofibrations followed by stable acyclic fibrations. Stable acyclic 
fibrations are in particular inequivalences and .R-fibrations, so this is also a factorization as a 
cofibration followed by an acyclic fibration in the .R-local model structure. The claims (c) and 
(d) provide the other factorization axiom (MC5). □ 

Lemma 4.2. Let C be a stable model category, G : C — ► Sp a junctor with a left adjoint and 
R a subring oj the rational numbers. Then G and its adjoint jorm a Quillen adjoint pair with 
respect to the R-local model structure if and only if the following three conditions hold: 

(i) G takes acyclic fibrations to level acyclic fibrations of spectra, 

(ii) G takes fibrant objects to Cl-spectra with R-local homotopy groups and 
(hi) G takes fibrations between fibrant objects to level fibrations. 

Proof. The 'only if part holds since the .R-local acyclic fibrations are level acyclic fibrations, 
the i?-fibrant objects are the f2-spectra with .R-local homotopy groups (claim (a) above), and R- 
fibrations are in particular level fibrations. For the converse suppose that G satisfies conditions 



(i) to (iii). We use a criterion of Dugger flOu! , A. 2]: in order to show that G and its adjoint 



form a Quillen adjoint pair it suffices to show that G preserves acyclic fibrations and it preserves 
fibrations between fibrant objects. The .R-local acyclic fibrations are precisely the level acyclic 
fibrations, so G preserves acyclic fibrations by assumption (i). We claim that every level fibration 
/ : A — ► Y between f2-spectra with .R-local homotopy groups is an i?-fibration. Given this, G 
preserves fibrations between fibrant objects by assumptions (ii) and (iii). 

To prove the claim we choose a factorization / = p o i with i : A — > Z a cofibration and 
^-equivalence and with p : Z — > Y an .R-fibration. Since Y is .R-fibrant, so is Z. Hence i is an 
.R-equivalence between f2-spectra with .R-local homotopy groups, thus a level equivalence. Hence 
i is an acyclic cofibration in the strict model (or level) model structure for spectra of [BF, 2.2], 



so that the level fibration / has the RLP for i. Hence / is a retract of the .R-fibration p, and so 
it is itself an .R-fibration. □ 

5. A UNIVERSAL PROPERTY OF THE MODEL CATEGORY OF SPECTRA 

In this section we formulate a universal property which roughly says that the category of 
spectra is the 'free stable model category on one object'. The following theorem associates 
to each cofibrant and fibrant object A of a stable model category C a Quillen adjoint functor 
pair such that the left adjoint takes the sphere spectrum to X. Moreover, this Quillen pair is 



essentially uniquely determined by the object A. Theorem 5.3 gives conditions under which the 
adjoint pair forms a Quillen equivalence. We prove Theorem 5.1 in the final section ^. 



Theorem 5.1. (Universal property of spectra) Let C be a stable model category and X a 
cofibrant and fibrant object of C. 

(1) There exists a Quillen adjoint functor pair X A — : Sp — > C and Hom(A, — ) : C — ► Sp 
such that the left adjoint X A — takes the sphere spectrum, 8, to X. 

(2) If R is a subring of the rational numbers and the endomorphism group [A, X] Ho ^ is an 
R-module, then any adjoint functor pair satisfying (1) is also a Quillen pair with respect 
to the R-local stable model structure for spectra. 

(3) If C is a simplicial model category, then the adjoint functors A A — and Hom(A, — ) of (1) 
can be chosen as a simplicial Quillen adjoint functor pair. 

(4) Any two Quillen functor pairs satisfying (1) are related by a chain of natural transforma- 
tions which are weak equivalences on cofibrant or fibrant objects respectively. 



Now we define the unit map and deduce the .R-local form of our main uniqueness theorem. 
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Definition 5.2. Let X be a cofibrant and fibrant object of a stable model category C. Choose 
a Quillen adjoint pair X A — : Sp — > C and Hom(X, — ) : C — > 6>p as in part (1) of Theorem 



5.1. The unit map of X is the map of spectra 

§ ► Uom(X,X) 



which is adjoint to the isomorphism X A E> = X . By the uniqueness part (4) of Theorem 5.1 



the spectrum Hom(X, X) is independent of the choice of Quillen pair up to stable equivalence 
of spectra under 8. 



Theorem 5.3. Let R be a subring of the ring of rational numbers and let C be a stable model 
category. Then the following four conditions are equivalent: 

(1) There is a chain of Quillen equivalences between C and the R-local stable model category 
of spectra. 

(2) There exists a ^-linear equivalence between the homotopy category of C and the homotopy 
category of R-local spectra. 

(3) The homotopy category of C has a small weak generator X for which [X, X]f°^ is freely 
generated as an R® 7r* -module by the identity map of X . 

(4) The model category C has a cofibrant- fibrant small weak generator X for which the groups 

[X, X 1 ^ ^ are R-modules and the unit map 8 ► Hom(X, X) induces an isomorphism of 

homotopy groups after tensoring with R. 

Furthermore, if X is a cofibrant and fibrant object of C which satisfies conditions (3) or (4), then 
the functors Hom(X, — ) and X A — of Theorem \5.\ (1) form a Quillen equivalence between C 
and the R-local model category of spectra. 



Remark 5.4. In jSSj] we associate to every object of a stable model category an endomorphism 



ring spectrum. The spectrum Hom(X, X) given by Theorem 5.1 (1) is stably equivalent to the 



underlying spectrum of the endomorphism ring spectrum. Moreover, the unit map as defined 



in 5/2 corresponds to the unit map of ring spectra. So condition (4) of the above theorem 
means that the endomorphism ring spectrum of X is stably equivalent, as a ring spectrum, to 
the R- local sphere ring spectrum. This expresses the equivalence of conditions (1) and (4) as a 



corollary of the more general classification result of [ 3S | for stable model categories with a small 



weak generator. The special case in this paper, however, has a more direct proof. 



Proof of Theorem |5. j| . Every Quillen equivalence between stable model categories induces an 
equivalence of triangulated hom otopy categories. The derived functor of a left Quillen functor 
is also ^-linear by Lemma |6.l| ; if it is an equivalence, then the inverse equivalence is also ir^- 
linear. So condition (1) implies (2). Now assume (2) and let X be a cofibrant and fibrant object 
of Ho(C) which in the homotopy category is isomorphic to the image of the localized sphere 
spectrum under any 7rJ-linear equivalence. With this choice, condition (3) holds. 

Given condition (3), we may assume that X is cofibrant and fibrant and we choose a Quillen 
adjoint pair X A — and Hom(X, — ) as in part (1) of Theorem 5.1. Since the group [X, X] Ho ( c ) 



is an i?-module, the functors form a Quillen pair with respect to the i?-local model structure for 



spectra by Theorem O (2). By Lemma 3T the map 

X A L — : [S,§]f o{SpR) ► [X,X]f o{C) 

induced by the left derived functor X A L — and the identification X A L § = X is 7rJ -linear 
(note that the groups on the left hand side are taken in the i?-local homotopy category, so that 
[S[n],S] Ho ( <SpR ) is isomorphic to i?®7r^). Source and target of this map are free R® ^-modules, 
and the generator Ids is taken to the generator Idx- Hence the map X A L — is an isomorphism. 



10 



STEFAN SCHWEDE AND BROOKE SHIPLEY 



For a fixed integer n, the derived adjunction and the identification X[n] = X A L S[n] provide 
an isomorphism between [X[n], X] Ho < c) and [§[n], RHom(X, X)] Ho(5p «) under which X A L - 
corresponds to [S[n], §] Ho ( 5 p«) — > [S[n], RHom(X, X)} H °( SpR ) given by composition with the 
unit map. For every spectrum A the group [S[n], A] So ( SpR > is naturally isomorphic to R <g) 7r„A, 
so this shows that the unit map induces an isomorphism of homotopy groups after tensoring 
with R, and condition (4) holds. 

To conclude the proof we assume condition (4) and show that the Quillen functor pair 



Hom(vT, — ) and X A — of Theorem 5T (1) is a Quillen equivalence. Since the group [X, X] Ho ( c ) 



is an i?-module, the functors form a Quillen pair with respect to the i?-local model struc- 



ture for spectra by Theorem 5.1 (2). So we show that the adjoint total derived functors 
RHom(X, — ) : Ho(C) — > Ro(Spb) and X A L — : Ro(Spji) — ► Ho(C) are inverse equiva- 
lences of homotopy categories. Note that the right derived functor BMom(X, — ) is taken with 
respect to the i?-local model structure on spectra. 

For a fixed integer n, the derived adjunction and the identification X A L S[n] = X[n] provide 
a natural isomorphism 



(*) 7r„ RHom(X, F) = [S[n],RHompf,y)] Ho(5pn) = [X[n],F] 



Ho(C) 



So the functor RHom(JT, — ) reflects isomorphisms because X is a weak generator. Hence it 
suffices to show that for every spectrum A the unit of the adjunction of derived functors 
A — ► RHom(X, X A L A) is an isomorphism in the stable homotopy category. Consider the 
full subcategory T of the i?-local stable homotopy category with objects those spectra A for 
which A — > RHom(X, X A L A) is an isomorphism. Condition (4) says that the unit map 
§ — ► Kom(X, X) is an i?-local equivalence, so T contains the (localized) sphere spectrum. 
Since the composite functor RHom(JT, X A L — ) commutes with (de-)suspension and preserves 
distinguished triangles, T is a triangulated subcategory of the homotopy category of spectra. 
As a left adjoint the functor X A L — preserves coproducts. By formula (*) above and since X is 
small, the natural map ]J 7 RHom(X, Ai) — ► RHom(X, ]J 7 Ai) is a 7r* -isomorphism of spectra 
for any family of objects Aj in Ho(C). Hence the functor RHom(X, — ) also preserves coproducts. 
So T is a triangulated subcategory of the homotopy category of spectra which is also closed un- 
der coproducts and contains the localized sphere spectrum. Thus, T is the whole i?-local stable 
homotopy category, and this finishes the proof. □ 



6. Construction of homomorphism spectra 



In this last section we show that the derived functor of a left Quillen functor is 7r*-linear, and 
we prove Theorem 



5.1 



Lemma 6.1. Let F : C — ► T> be the left adjoint of a Quillen adjoint pair between stable model 
categories. Then the total left derived functor LF : Ho(C) — ► Ho(2?) is n^-exact with respect to 
the natural isomorphism r : LF(X) A L S 1 — ► LF(X A L S 1 ) of 5.6.2]. 

Proof. To simplify notation we abbreviate the derived functor LF to L and drop the superscript 
L over the smash product on the homotopy category level. By [He, 5.7.3], the left derived functor 
L is compatible with the actions of the homotopy category of pointed simplicial sets - Hovey 
summarizes this compatibility under the name of 'Ho(iS*)-module functor' [Ho, 4.1.7]. The 
isomorphism r : L(X) A S 1 — > L(X A S 1 ) is the special case K = S 1 of a natural isomorphism 



t XiK : L(X) AK 



L(X A K) 



for a pointed simplicial set K which is constructed in the proof of 
" 5.7.3]) 



pointed analog in [ Ho 



|Ho| , 5.6.2] (or rather its 
It is important for us that the isomorphism r is associative (this 
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is part of being a 'Ho(6>*)-module functor'), i.e., that the composite 

L(A) A K AM ta ' kMm , L(AAK)AM TA " KM » L(A A K A M) 

is equal to ta,k/\M ( a s before we suppress the implicit use of associativity isomorphisms such as 
(A A K) A M '= A A {K A M)). In particular the map t x ,s™ : L(X) A S n — > L(X A S n ) is equal 
to the n-fold iterate of instances of r_ 51. 

Now let / : X — ► Y be a morphism in the homotopy category of C and let a : S n+k — ► S 
represent a stable homotopy element. We have to show that a ■ L(f) = L(a ■ f) o tx,s™ in the 
group [L(X) A S n , L(F)] Ho (' D '. By the definition of a ■ L(f) this means proving 

(1) L(/)A« = (L(a-/)o7x lS »)Al s * 

in the group A S n+k ,L(Y) A S k ] Ho ^\ Since Ty, sfc : L(Y) A S k — > L(Y A S k ) is an 

isomorphism we may equivalently show equation ([l]) after composition with Ty S t . We note that 

(2) T Y ^ sk o (L(/) A a) = L(f A a) o r XiS „ +fc 

(3) = i((a • /) A l S k) o t XaS ",Sk A l sfc ) 

(4) = t y , S o {L{a ■ f) A l S k) o (t x ^ A l S k ) 

= T Y,s k ' f) T x,s n ) A ]-s k ) 1 

which is what we had to show. Equations (|^) and ^ use the naturality of r. Equation (||) uses 
the defining property of the morphism a ■ f and the associativity of r. □ 



Now we prove Theorem 5.1. We start with 



Proof of Theorem \5.l\ (2). By assumption the group [X, X] Ro ^ is a module over a subring R 
of the ring of rational numbers. Since Hom(X, — ) is a right Quillcn functor, it satisfies the 
conditions of Lemma for Z. For fibrant Y, the u-th homotopy group of the f2-spectrum 
Hom(X, Y) is isomorphic to the group [§[n], RHom(X, F)] Ho ( 5 p). By the derived adjunction 
this group is isomorphic to the group [X A L S[n], y] Ho ( c ' = [X[n], y] Ho ( c ), which is a module 
over the i?-local endomorphism ring [X, X] Ho ( c \ Hence the homotopy groups of t he Sl-spectrum 



Hom(X, Y) are i?-local. Thus Hom(X, — ) satisfies the conditions of Lemma [4.2| for R and it is 



a right Quillen functor for the i?-local model structure. □ 
Now we construct the adjoint functor pair Hom(X, — ) and X A — in the case of a simplicial 



stable model category. This proves part (3) of Theorem 5.1 and also serves as a warm-up for 



the general construction which is very similar in spirit, but involves more technicalities. 

Construction 6.2. Let C be a simplicial stable model category and X a cofibrant and fibrant 
object of C. We choose cofibrant and fibrant models uj n X of the desuspensions of X as follows. 
We set lo q X = X and inductively choose acyclic fibrations ip n : uj n X — > fl (u n ~ 1 X) with uj n X 
cofibrant. We then define the functor Hom(X, — ) : C — ► Sp by setting 

Hom(X,y)„ = map c (w"X,r) 

where 'map c ' denotes the simplicial mapping space. The spectrum structure maps are adjoint 
to the map 

mapc^™- 1 ^,^) maPc(y "' y) > map c (cj"X A S\Y) S Q map c (w"X,y) 

where tpn is the adjoint of (p n . 

The functor Hom(X, — ) has a left adjoint X A — : Sp — ► C defined as the coequalizer 

(*) \/ uj n X A S 1 A A n _ x ==4 \f uj n X A A n ► X A A. 
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The two maps in the coequalizer are induced by the structure maps of the spectrum A and the 
maps <p n : u/ n X A S 1 — ► ui n ~ 1 X respectively. The various adjunctions provide bijections of 
morphism sets 

C(X AS, IF) ^ Sp(S, Hom(X, W)) = 5* (5°, Hom(X, W) ) = C(X, W) 

natural in the C-object W . Hence the map X A § — ► X corresponding to the identity of X in 
the case W = X is an isomorphism; this shows that the left adjoint takes the sphere spectrum 
to X. 

Since ui n X is cofibrant the functor map c (w™X, — ) takes fibrations (resp. acyclic fibrations) 
in C to fibrations (resp. acyclic fibrations) of simplicial sets. So the functor Hom(X, — ) takes 
fibrations (resp. acyclic fibrations) in C to level fibrations (resp. level acyclic fibrations) of spectra. 
Since C is stable, ^ is a weak equivalence between cofibrant objects, so for fibrant Y the 
spectrum Hom(X, Y) is an f2-spectrum. Hence Hom(X, — ) satisfies the conditions of Lemma 



4.2 for R = Z, and so Hom(X, — ) and X A — form a Quillen adjoint pair. Since the functor 
Hom(X, — ) is defined with the use of the simplicial mapping space of C, it comes with a natural, 
coherent isomorphism Hom(X, Y K ) = Hom(X, Y) K for a simplicial set K. So Hom(X, — ) and 
its adjoint X A — form a simplicial Quillen functor pair which proves part (3) of Theorem |5.l| . 

It remains to construct homomorphism spectra as in part (1) of Theorem |5.l| for a general 



stable model category, and prove the uniqueness part (4) of Theorem 5.1. Readers who only 
work with simplicial model categories and have no need for the uniqueness statement may safely 
ignore the rest of this paper. 

To compensate for the lack of simplicial mapping spaces, we work with cosimplicial frames. 
The theory of 'framings' of model categories goes back to Dwyer and Kan, who used the termi- 



nology C co-) 'simplicial resolutions [DK, 4.3]; we mainly refer to Chapter 5 of Hovey's book [He 



for the material about cosimplicial objects that we need. If if is a pointed simplicial set and A 



a cosimplicial object of C, then we denote by A A K the coend [ML, IX. 6] 



A" A K„ , 

which is an object of C. Here A n A K n denotes the coproduct of copies of A n indexed by the set 
K n , modulo the copy of A n indexed by the basepoint of K n . Note that A A A[m]+ is naturally 
isomorphic to the object of m-cosimplices of A; the object A A dA[m] + is also called the m-th 
latching object of A. A cosimplicial map A — ► B is a Reedy cofibration if for all m > the map 

A A A[m]+ U AA9A[m]+ B A dA[m}+ ► B A A[m]+ 

is a cofibration in C. Cosimplicial objects in any pointed model category admit the Reedy model 
structure in which the weak equivalences arc the cosimplicial maps which are levelwise weak 
equivalences and the cofibrations are the Reedy cofibrations. The Reedy fibrations are defined by 
the right lifting property for Reedy acyclic cofibrations or equivalently with the use of matching 



objects; see [Ho, 5.2.5] for details on the Reedy model structure. If A is a cosimplicial object and 
Y is an object of C, then there is a simplicial set C(A, Y) of C-morphisms defined by C(A, Y) n = 
C(A n , Y). There is an adjunction bijection of pointed sets C(A A K, Y) ^ S*(K, C(A, Y)). If A 
is a cosimplicial object, then the suspension of A is the cosimplicial object T,A defined by 

(SA) m = A A (S 1 A A[m]+) . 

Note that T,A and A AS 1 have different meanings: A AS 1 is (naturally isomorphic to) the object 
of O-cosimplices of £A There is a loop functor f2 for cosimplicial objects which is right adjoint 
to E; we do not use the precise form of flY here. For a cosimplicial object A and an object Y 
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of C there is an adjunction isomorphism 

C(EA,Y) QC(A,Y) . 
A cosimplicial object in C is homotopically constant if each cosimplicial structure map is a 



weak equivalence in C. A cosimplicial frame (compare |Ho, 5.2.7]) is a Reedy cofibrant and 
homotopically constant cosimplicial object. The following lemma collects from [He, Ch. 5] those 
properties of cosimplicial frames which arc relevant to our discussion. 

Lemma 6.3. Let C be a pointed model category. 

(a) The suspension functor for cosimplicial objects preserves Reedy cofibrations, Reedy acyclic 
cofibrations and level equivalences between Reedy cofibrant objects. 

(b) If A is a cosimplicial frame, then so is TiA. 

(c) If A is a cosimplicial frame, then the functor C (A, — ) takes fibrations (resp. acyclic fibra- 
tions) in C to fibrations (resp. acyclic fibrations) of simplicial sets. 

(d) IfY is a fibrant object ofC, then the functor C(— ,Y) takes level equivalences between Reedy 
cofibrant cosimplicial objects to weak equivalences of simplicial sets. 

Proof, (a) For a cosimplicial map / : A — ► B the map in C 

(5L4) A A[m]+ U (SA)Aa AH + A dA[m}+ > (SB) A A[m] + 

is isomorphic to the pushout product / □ i |Ho| , 4.2.1] of / with the inclusion i of S 1 AdA[m} + 



into S 1 A A[m] + . So if / is a Reedy cofibration, then / □ i is a cofibration in C by [Ho, 5.7.1]; 
hence HA — ► HB is a Reedy cofibration. In cosimplicial level to, the map £/ is given by the 
map / A (S 1 A A[m] _A If / is a Reedy acyclic cofibration, then / A (S 1 A A[m]+) is an acyclic 



cofibration in C by [Ho, 5.7.1]; hence £/ is also a level equivalence. Suspension then preserves 
level equivalences between Reedy cofibrant objects by Ken Brown's lemma |Ho| , 1.1.12], 

(b) If A is a cosimplicial frame, then T,A is again Reedy cofibrant by part (a). A simplicial 
face map rf, : A[m — 1] — ► A [to] induces an acyclic cofibration 

d* : (IL4)™- 1 = A A (S 1 A A[to — 1]+) > A A (S 1 A A[m} + ) = (SL4) m 



by [Ho, 5.7.2], so HA is also homotopically constant. 



(c) This is the pointed variant of [Ho, 5.4.4 (1)] 



(d) If A — ► B is a Reedy acyclic cofibration, then for every cofibration of pointed simplicial 



sets K — ► L the map A A LaakB A K — ► B A L is an acyclic cofibration in C by [Ho, 5.7.1] 



By adjointness the induced map C(B,Y) — ► C(A,Y) is an acyclic fibration of simplicial sets. 



By Ken Brown's Lemma [Ho, 1.1.12], the functor C(— , Y) thus takes level equivalences between 



Reedy cofibrant objects to weak equivalences of simplicial sets. □ 

The following lemma provides cosimplicial analogues of the desuspensions u n X of Construc- 
tion p. 



Lemma 6.4. Let Y be a cosimplicial object in a stable model category C which is Reedy fibrant 
and homotopically constant. Then there exists a cosimplicial frame X and a level equivalence 
YiX — ► Y whose adjoint X — ► QY is a Reedy fibration which has the right lifting property for 
the map * — ► A for any cosimplicial frame A. 

Proof. Since C is stable there exists a cofibrant object X a of C such that the suspension of X° 



in the homotopy category of C is isomorphic to the object Y° of O-cosimplices. By [DK, 4.5] 
or [Ho, 5.2.8] there exists a cosimplicial frame X with X° = X°. Since X is Reedy cofibrant, 



the map d° H d 1 : X° H X a — > X 1 is a cofibration between cofibrant objects in C; since X is 
also homotopically constant, these maps express X 1 as a cylinder object O, I 1.5 Def. 4] for 
X°. The O-cosimplices of EX are given by the quotient of the map d° H d, hence (EX) is a 
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model for the suspension of X° in the homotopy category of C. Since (EX) is cofibrant and Y a 
is fibrant, the isomorphism between them in the homotopy category can be realized by a weak 
equivalence j° : (EX) -^-> Y° in C. Since Y is Reedy fibrant and homotopically constant, the 
map Y — > cY° is a Reedy acyclic fibration, where cY a denotes the constant cosimplicial object. 
Since is Reedy cofibrant, the composite map 



EX > c(EI)° -2— » c y° 

can be lifted to a map i : E X — ► Y . The lift j is a level equivalence since j° is an equivalence 
in C and both EX (by |6.3| (b)) and Y are homotopically constant. The adjoint X — ► QY of j 
might not be a Reedy fibration, but we can arrange for this by factoring it as a Reedy acyclic 
cofibration X — > X followed by a Reedy fibration ip : X — ► QY, and replacing j by the adjoint 



^ : EX — ► Y of the map ip; by Lemma 6.3 (a) the map EX — ► EX is a level equivalence, 
hence so is ip. 

Now suppose A is a cosimplicial frame and g : A — ► HY is a cosimplicial map with adjoint 
g : YjA — ► Y, We want to construct a lifting, i.e., a map A — ► X whose composite with 
■0 : X — > fiY is g. We choose a cylinder object for A, i.e., a factorization AvA — ► Ax I — > A 
of the fold map as a Reedy cofibration followed by a level equivalence. The suspension functor 
pre serves Reedy cofibrations and level equivalences between Reedy cofibrant objects by Lemma 



6.3| (a), so the suspended sequence E^4vEA — > E(A x I) — ► T,A yields a cylinder object for 



EA In particular the 0-th level of E(A x I) is a cylinder object for (EA)° = A A S 1 in C. 



By fy, 6.1.1] the suspension map E : L4°,X°] — ► [A° A L S^X A L S 1 ] in the homotopy 
category of C can be constructed as follows. Given a C-morphism /° : A — ► X°, one chooses 
an extension / : A — ► X to a cosimplicial map between cosimplicial frames. The map f A S 1 : 
A AS 1 — > X AS 1 then represents the class E[/°] e [A A L S^X A L S 1 }. Composition with 
the 0-th level xf>° : X A S 1 — > Y° of the level equivalence -ip '■ — > Y is a bijection from 
[A° A L S 1 , X° A L S 1 } to [A° A L S 1 , Y }. Since C is stable, the suspension map is bijective, which 
means that there exists a cosimplicial map / : A — ► X such that the maps V>° ° (/ A S 1 ) and g° 
represent the same element in [A A S 1 , Y ]. 

The map / need not be a lift of the original map g, but we can find a lift in the homotopy 
class of / as follows. Since A A S 1 is cofibrant and Y° is fibrant, there exists a homotopy 
Hi : (E(Ax/))° — ► Y° from ip°o(f AS 1 ) to g°. Evaluation at cosimplicial level zero is left adjoint 
to the constant functor, so the homotopy Hi is adjoint to a homotopy Hi : T,(A x /) — > cY° of 
cosimplicial objects. Since Y is Reedy fibrant and homotopically constant, the map Y — > cY° 
is a Reedy acyclic fibration. So there exists a lifting Hi : E(A x /) — > Y in the commutative 
square 

i/>o(£/)V§ 



E(ix7) — cY° 

Hi 

which is a homotopy from ip o (E/) to g. Taking adjoints gives a map H 2 : A x I — > DY which 
is a homotopy from ip o f to g. Since X — ► flY is a Reedy fibration and the front inclusion 
io : A — > A x / is a Reedy acyclic cofibration, we can choose a lifting i/3 : A x I — > X in the 
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commutative square 



Ax I 



H 2 



X 



The end of the homotopy H3, i.e., the composite map H3 o i\ 
original map g : A — ► QY since H2 ° i\ = g. 



A — > X, is then a lift of the 

□ 



Construction 6.5. Let C be a stable model category and X a cofibrant and fibrant object of 
C. We define Reedy fibrant cosimplicial frames ui n X as follows. As in [He, 5.2.8] we can choose 
a cosimplicial frame uj°X with (cu°X) a = X and a Reedy acyclic fibration ipo : uj°X — ► cX 
which is the id ent ity in dimension zero. Then uj°X is Reedy fibrant since X is fibrant in 
C. By Lemma |6.4| we can inductively choose cosimplicial frames uj n X and level equivalences 
ip n : Yj(uj n X) — ► uj n ~ 1 X whose adjoints (p n : uj n X — ► £1 ( cj n ~ 1 X) are Reedy fibrations with 
the right lifting property for cosimplicial frames. By Lemma |6.3| (a), £ preserves Reedy acyclic 
cofibrations, so 17 preserves Reedy fibrations. Hence £1 (u> n X) and thus uj n X is Reedy fibrant. 
We then define the functor Hom(A, — ) : C — ► Sp by setting 

Uom(X,Y) n = C(uj n X,Y) . 



The spectrum structure maps are adjoint to the map 



e(w™- 1 x,y) 



C(<p n ,Y) 



C(E (u) n X), Y)^Q C(u n X, Y) 



The left adjoint X A — : Sp — > C of Hom(X, — ) is defined by the same coequalizer diagram (*) 
as in Construction 3.2, except that an expression like uj n X A A n now refers to the coend of a 



cosimplicial object with a simplicial set. Also the isomorphism between X AS and X is obtained 
by the same representability argument as in |6.2[ 

Since uj n X is a cosimplicial frame, the functor C(ui n X, — ) takes fibrations (resp. acyclic fi- 
brations) in C to fibrations (resp. acyclic fibrations) of simplicial sets by Lemma 6.3 (c). So 
the functor Hom(A, — ) takes fibrations (resp. acyclic fibrations) in C to level fibrations (resp. 
level ac yclic fibrations) of spectra. Since tp n is a level equivalence between cosimplicial frames, 
Lemma 6^ (d) shows that the map C((p n , Y) is a weak equivalence for fibrant Y; thus the spec- 
trum Hom(A, Y) is an fi-spectrum for fibrant Y. So Hom(A, — ) an d its adjoint form a Quillcn 
pair by Lemma 4.2 for R = Z. This proves part (1) of Theorem 5.1. 



Proof of Theorem \5.lj (4)- Let H : Sp — > C be any left Quillen functor with an isomorphism 
H(S) = X, and let G : C — ► Sp be a right adjoint. We construct natural transformations 
* : Hom(A, -) — ► G and $ : H — ► (X A -) where Hom(X, -) and X A - arc the Quillen 



pair which were constructed in 6.5. Furthermore, $ will be a stable equivalence of spectra for 
fibrant objects of C and will be a weak equivalence in C for every cofibrant spectrum. So any 
two Quillen pairs as in The orem 5.1 (1) can be related in this way via the pair Hom(A, — ) and 
X A — of Construction 6.5. 

We denote by F n A the cosimplicial spectrum given by (F n A) m = F n A[m] + and we denote 
by H* the functor between cosimplicial objects obtained by applying the left Quillen functor H 
levelwise. The functor H* is then a left Quillen functor with respect to the Reedy model struc- 
tures on cosimplicial spectra and cosimplicial objects of C. We inductively choose compatible 
maps tpn ■ H'(F n A) — > uj n X of cosimplicial objects as follows. Since F n A is a cosimplicial 
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frame, H*(F n A) is a cosimplicial frame in C. The map tpo : u>°X — ► cX is a Reedy acyclic 
fibration, so the composite map 

H'(F A) > cH{F a S°) — =-> cX 

admits a lift ipo : H'(FoA) — ► w°X which is a level equivalence between cosimplicial frames. 
The map ip n : u> n X — ► f2 (tu n ~ 1 X) has the right lifting property for cosimplicial frames, so we 
can inductively choose a lift ip n : H*(F n A) — > u> n X of the composite map 

H* (F n A) ► fiJf(F n _ ]L A) ° (v '"' l) > nito^X) . 

We show by induction that ip n is a level equivalence. The map ip n A S 1 is a weak equivalence in 
C since the other three maps in the commutative square 

HiFnS 1 ) a tf*(F n A) A S 1 ^> A S 1 



H(F n ^S°) H'(F n ^A)° — — (iu^Xf 

Vk-l 

are. The map ^„ A S 11 is a model for the suspension of (ifj n ) - Since C is stable and (ip n )° is a 
map between cofibrant objects, (ip n )° is a weak equivalence in C. Since H*(F n A) and u; n X are 
homotopically constant, the map ip n : H'(F n A) — > uj n X is a level equivalence. 

The adjunction provides a natural isomorphism of simplicial sets G(Y) n = C(H'(F n A),Y) 
for every n > 0, and we get a natural transformation 

: Hom(X,Y)„ = C(u n X,Y) , C(H a (F n A), Y) = G(Y) n . 

By the way the maps ^ n were chosen, the maps together constitute a map of spectra '■ 
Hom(X, Y) — > G(y), natural in the C-object Y. For fibrant objects Y, is a level equivalence, 



hence a stable equivalence, of spectra by Lemma S.3 (d) since tp n is a level equivalence between 
cosimplicial frames. 

Now let A be a spectrum. If we compose the adjoint H(Hom(X, X A A)) — > X A i of 
the map ^xaA ■ Hom(X,X A A) — ► G(X A A) with H(A) — ► H(Kom(X,X A A)) com- 
ing from the adjunction unit, we obtain a natural transformation $a ■ H(A) — ► X A A 
between the left Quillen functors. The transformation <I> induces a natural transformation 
L<I> : LH — > X A L — between the total left derived functors. For any Y in Ho(C) the 
map (L$ A )* : [X A L A,Y] Ho ^ — > [LH(A), y] Ho ( c ) is isomorphic to the bijection (Mf Y )* ■ 
[A,RHom(X,F)] H °( :D ) — > [A,i?G(r)] H °( :D ). Hence L$ A is an isomorphism in the homotopy 
category of C and so the map <&a is a weak equivalence in C for every cofibrant spectrum A. □ 
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